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(Dated: November 13, 2018)
The Kruskal - Szekeres (KS) completion of the Schwarzschild spacetime is open to Synge’s method-
ological criticism that the KS procedure generates “good” coordinates from “bad”. This is addressed
here in two ways: First I generate the KS coordinates from Israel coordinates, which are also “good”,
and then I generate the KS coordinates directly from a streamlined integration of the Einstein equa-
tions.
PACS numbers: 04.20.Cv, 04.20.Jb, 04.20.Gz
There can hardly be any modern introduction to gen-
eral relativity that does not discuss the Kruskal [2] - Szek-
eres [3] (KS) completion of the Schwarzschild spacetime.
Both these papers make reference to an earlier work by
Synge [4]. Whereas the Kruskal reference regards only a
reference by Synge to a lecture given by H. P. Robert-
son in Toronto in 1939 (regarding the singular structure
of the Schwarzschild spacetime), Szekeres states that the
now famous coordinate transformations “are essentially
due to Synge”. Indeed, after considerable labor, Synge
arrives at a complete understanding of what has become
known as the “Kruskal diagram” (see his Figure 8). Years
latter, and curiously without reference to his earlier work,
Synge [5] viewed the KS procedure as open to method-
ological criticism in that defective coordinates where used
to generate regular coordinates. This lead him in [5]
to develop KS coordinates directly from Einstein’s equa-
tions. Whereas the KS procedure is standard in most
modern texts, a few do follow Synge’s direct approach
[6]. In this pedagogical note, heeding Synge’s criticism,
I generate KS coordinates from Israel coordinates and I
also generate the KS coordinates directly from a stream-
lined integration of the Einstein equations.
As shown elsewhere [7], a direct integration of the Ein-
stein equations gives the following complete covering of
the Schwarzschild manifold:
ds2 =
2w2
8M2 − uw
du2 − 2dudw + (2M −
uw
4M
)2dΩ22, (1)
where M is a constant and dΩ22 is the metric of a unit
two-sphere (dθ2 + sin2 θdφ2). This form was first given
by Israel [8] by way of coordinate transformations. The
coordinates u and w in (1) have dimensions of length.
It is convenient to introduce dimensionless coordinates u˜
and w˜ defined as follows:
u ≡Mu˜, w ≡ 8Mw˜ (2)
where M > 0 and the number 8 is introduced purely as
a matter of convenience. Under the transformations (2)
we obtain
ds2 = (2M)2ds˜2 (3)
where
ds˜2 =
4w2
1− uw
du2 − 4dudw + (1− uw)2dΩ22 (4)
and we have dropped the ˜ on u and w in (4). Trajectories
with tangents kα = δαw (constant u, θ and φ) are radial
null geodesics affinely parameterized by w, which we take
increasing to the future. Trajectories associated with the
vector field lα = δαu (constant w, θ and φ, and we take u
also increasing along the associated trajectory) are radial
null geodesics (affinely parameterized by u) only for w =
0. More generally, for w 6= 0,
mα ≡ (
1 − uw
w
,w, 0, 0) (5)
satisfies mαmα = m
β∇βm
α = 0. The associated null
geodesics can be written as
uw = ln(
w
δ
) (6)
where δ is a constant.
The null geodesics given by (6) can be rewritten as
w = −
L(−uδ)
u
(7)
where L is the Lambert W function [9]. Since δ labels
individual radial null geodesics, relation (7) suggests the
introduction of the null coordinate v defined by [10]
w = −
L
u
, (8)
where, and henceforth,
L ≡ L(−
uv
e
). (9)
The resultant coordinate transformation is
v = we1−uw , (10)
which is well defined at w = 0. Under this transformation
the metric (4) takes the form
ds˜2 =
−4
(1 + L)e1+L
dudv + (1 + L)2dΩ22 (11)
2where (3) still holds. This is the Kruskal - Szekeres repre-
sentation. Trajectories with tangents Kα = eL(1 + L)δαv
(constant u = u0, θ and φ) are radial null geodesics given
by
v(λ) = λe−
u0λ
e (12)
where λ is an affine parameter (defined, of course, only
up to a linear transformation) and we note the expansion
∇αK
α =
−2u0
e(1 + L)
. (13)
Trajectories with tangentsMα = eL(1 + L)δαu (constant
v = v0, θ and φ) are radial null geodesics given by
u(λ) = λe−
v0λ
e (14)
and we now note the expansion
∇αM
α =
−2v0
e(1 + L)
. (15)
On the horizons u = 0 and v = 0 then v and u are
affine parameters. The only singularity in (11) occurs for
L = −1. That is, uv = 1.
Let us now proceed more directly, streamlining the pro-
cedure pioneered by Synge [5]. Let us write
ds2 = −fdudv + r2Ω22, (16)
where f and r are functions of u and v. The vanishing
of the Ricci tensor requires [11]
∂r
∂v
= −B(1−
2M
r
) (17)
and
f = 2B
∂r
∂u
(18)
where B is an arbitrary function of v and again M is a
constant. The solution to (17) is
r(u, v) = 2M(L(ψ) + 1) (19)
where
ψ = −
exp(− 1
2M
(
∫
Bdv + C + 2M))
2M
(20)
and C is an arbitrary function of u. To achieve the range
0 < r < ∞ the functions B and C are not arbitrary.
Rather, up to disposable constants, the unique choices
are
B = −
2M
v
(21)
and
C = −2M ln(2Mu). (22)
With (21) and (22), (16) reduces to (3) with ds˜2 given
by (11).
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